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A ﬁnite element discretized symplectic method is introduced to ﬁnd the thermal stress intensity factors
(TSIFs) under steady-state thermal loading by symplectic expansion. The cracked body is modeled by the
conventional ﬁnite elements and divided into two regions: near and far ﬁelds. In the near ﬁeld,
Hamiltonian systems are established for the heat conduction and thermoelasticity problems respectively.
Closed form temperature and displacement functions are expressed by symplectic eigen-solutions in
polar coordinates. Combined with the analytic symplectic series and the classical ﬁnite elements for arbi-
trary boundary conditions, the main unknowns are no longer the nodal temperature and displacements
but are the coefﬁcients of the symplectic series after matrix transformation. The TSIFs, temperatures, dis-
placements and stresses at the singular region are obtained simultaneously without any post-processing.
A number of numerical examples as well as convergence studies are given and are found to be in good
agreement with the existing solutions.
 2014 Elsevier Ltd. All rights reserved.1. Introduction form. Moreover, Singh et al. (2006) extended the singular integralThe study of perfect bodies without cracks was pioneered by
great researchers such as Love, Timoshenko and Muskhelishvili.
However, the classical strength theory cannot be applied to evalu-
ate the cracked bodies directly. Fracture due to thermal loading is
an important area in many industrial applications, especially in
aerospace and nuclear engineering. The concentration of stress
around cracks often results in catastrophic failure. The possibility
of failure of the components can be estimated by calculating the
thermal stress intensity factors (TSIFs). Once the TSIF is known,
engineering design methods can be used for structure safety opti-
mization. Considerable efforts in ﬁnding new analytical and
numerical methods have been devoted to the computation of the
TSIFs raised by the thermal stresses.
The singular integral equation method was widely used in iso-
thermal anisotropic problems. Itou (2000) solved TSIFs around a
crack in an orthotropic layer. The Fourier transform technique
was used to reduce the mixed boundary value problem to a set
of dual integral equations. Nemat-Alla and Noda (1996), Chen
et al. (2004) investigated the TSIF of a functionally gradient half
space and orthotropic strip respectively. Those problems were also
reduced to a singular integral equation by using the Fourier trans-equations method to evaluate the thermal stresses caused by a
symmetric indentation of a line crack. The thermal and the elastic
problems were reduced to that of solving a set of triple integral
equations involving trigonometric kernels.
The weight function method was also a powerful and efﬁcient
method for evaluating the TSIFs. Ma and Liao (1994) determined
mixed-mode TSIFs for cracked bodies subjected to thermal load-
ings by using the thermal weight function method. The boundary
element method (BEM) was employed to determine thermal
weight functions used to evaluate mixed-mode TSIFs. Nabavi and
Ghajar (2010), Ghajar and Nabavi (2010) derived a general weight
function by the ﬁnite element method (FEM). A closed-form TSIF of
a circumferentially cracked cylinder was extracted.
In addition, the complex function method and M-integral
method were also available. Tang (2008) solved a line crack in an
inﬁnite plate in the framework of thermoelastic theory by the com-
plex functionmethod. The fracture behaviors underMode I thermal
loading was analyzed. Banks-Sills and Dolev (2004) extended the
conservative M-integral to treat the mixed mode thermal-elastic
problems. TSIFs were obtained for cracks in homogeneous, isotropic
materials, as well as isotropic, anisotropic and bimaterials.
Besides the above-mentioned methods, numerical approaches
based on FEM and BEM were usually employed. Wilson and Yu
(1979) developed a modiﬁed J-integral theory and studied TSIFs by
FEM combined with J-integral. Yosibash (1995, 1998) considered
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jected to steady-state temperature distribution by the modiﬁed
Steklov method and the p-version of the FEM. TSIFs were obtained
by a post-processing technique based on the complementary weak
form in conjunction with Richardson extrapolation. Sládek and
Sládek (1983, 1984) presented a boundary integral equation for-
mulation of thermoelasticity problems. Fundamental solutions of
governing differential equations were given for various problems
of thermoelasticity according to the classiﬁcation made there. Liu
and Altiero (1992) developed a new crack integral equation for
plane, homogeneous, isotropic, steady-state thermoelasticity prob-
lems involving arbitrary internal smooth and/or kinked cracks.
Then, BEM was employed to determine TSIFs and relative crack
surface displacements due to steady-state temperature distribu-
tions. Furthermore, Prasad et al. (1994, 1996) developed a dual
boundary element formulation, which did not require domain
discretization allowing a single region analysis for steady-state
thermoelastic crack problems. Accurate TSIFs for the crack problem
were found by the new dual BEM.
In this paper, a ﬁnite element discretized symplectic method
(FEDSM) is developed for calculating the TSIFs in linear thermo-
elastic crack problems. The method consists of two steps. In the
ﬁrst step, the overall cracked body is separated into a ﬁnite size
singular stress region near the crack tip and a regular region far
away from the crack tip, i.e., near ﬁeld and far ﬁeld respectively.
Both the near and far ﬁelds are meshed by any suitable conven-
tional elements. A symplectic dual approach which was ﬁrst intro-
duced by Leung et al. (2009), Yao et al. (2009), Lim and Xu (2010) is
performed in the near ﬁelds. The analytical solution around the
crack tip in the near ﬁeld is solved and expanded in terms of the
symplectic eigen-solutions. The temperature, displacement and
stress can be analytically represented (Leung et al., 2010a,b). In
the second step, with the available analytical solutions, the
temperature and displacement eigenfunction transformations are
introduced to the near ﬁeld so that the large number of nodal
displacements there can be reduced effectively to a small set of
undetermined coefﬁcients of the symplectic eigen-solutions. Thus,
computer storage and solution times are reduced signiﬁcantly and
it is ready for parallel computation. Furthermore, the TSIFs can be
determined directly without any post-processing. Finally, we
compare the current numerical results and the classical solutions
in literature to validate the efﬁciency and accuracy of the symplec-
tic method. New results are also presented.Fig. 1. Division of a cracked structure into two ﬁelds.2. The fundamental equation
The FEDSM is based on the separation of the overall cracked
elastic body into a near ﬁeld XN and a far ﬁeld XF as shown in
Fig. 1. The near ﬁeld is a ﬁnite size singular domain which contains
both the singular and regular stresses in adjacence to the crack tip
and surface, and the far ﬁeld is a remaining regular domain. The
two ﬁelds are separated by the interface boundary C as shown in
Fig. 1. We assume that C is a convex curve between the two ﬁelds.
In the near ﬁeld enclosing singular stresses, the symplectic
method is applied. The polar coordinate ðr; hÞ is selected such that
the r-axis is along the radial direction with the origin located at the
tip of the crack. The corresponding Cartesian coordinates are ðx; yÞ.
The steady-state heat conduction equation in the absence of
internal heat source is given by
r2T ¼ 0 ð1Þ
where T ¼ ~T  T1; ~Tðr; hÞ is the temperature function, T1 is the ambi-
ent temperature and r2 ¼ @2
@r2 þ 1r @
2
@r þ 1r2 @
2
@h2
is the Laplacian in polar
coordinates. Thermal isolation conditions of the crack surfaces are:
h ¼ p : uh ¼ 0 ð2Þ
where uh is the h-axis heat ﬂux density.
The governing equations of the thermal fracture can be
rewritten as
@rr
@r
þ rr  rh
r
þ 1
r
@2srh
@h
þ F1 ¼ 0
@srh
@r
þ 2srh
r
þ 1
r
@rh
@h
þ F2 ¼ 0
ð3Þ
where F1 and F2 are the external body forces, rij are the stresses
components and have the relationships:
rr ¼ E1 t2
@u
@r
þ t
r
uþ @v
@h
  
 EaT
1 t
rh ¼ E1 t2
1
r
v þ @v
@h
 
þ t@ru
 
 EaT
1 t
srh ¼ E2ð1þ tÞ
@v
@r
 v
r
þ 1
r
@u
@h
  ð4Þ
where a is the coefﬁcient of linear thermal expansion, E and t are
Young’s modulus and Poisson’s ratio, u and v are displacement
components along r-axis and h-axis respectively. Besides, the
traction free crack conditions can be represented as:
h ¼ p : rh ¼ 0; srh ¼ 0 ð5Þ3. Symplectic eigen-solution of heat conduction problems
The Hamiltonian system for steady-state heat conduction
problems will be introduced in this section. According to the
Fourier law, the r- and h-axes heat ﬂux densities are given by
ur ¼ kT
@T
@r
and uh ¼ 
kT
r
@T
@h
ð6Þ
where kT is the thermal conductivity. To transform the Lagrangian into
the Hamiltonian form, the generalized coordinate g ¼ ln r is taken in
analogy to the time coordinate in the classical Hamiltonianmechanics
(Leung et al., 2009). Deﬁne _F ¼ @F
@n and WT ¼ fqT ;pTgT ¼ fT; rurgT, the
Hamilton equations of steady-state heat conductions are
_WT ¼ HTWT ð7Þ
where HT is the Hamiltonian operator matrix, HT ¼
0  1kT
kT @
2
@h2
0
" #
.
The corresponding boundary conditions, in the Hamiltonian
description of Eq. (2) can be represented as
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@h
¼ 0 ð8Þ
Eq. (7) with boundary conditions (8) can be solved using the
method of separation of variables and symplectic eigenexpansion,
i.e., let
WTðg; hÞ ¼ WTðhÞelTg ð9Þ
where lT and WTðhÞ are eigenpair to be determined from
HTWTðhÞ ¼ lTWTðhÞ. The general solution can be obtained as
(Leung et al., 2010a):
WT ¼
1
kTlT
 
ðAT1 coslThþ AT2 sinlThÞ ð10Þ
Substituting the crack conditions (8) into the solutions, one gets
 sinlTp coslTp
sinlTp coslTp
 
AT1
AT2
( )
¼ 0 ð11Þ
Based on the non-zero solution condition of Eq. (11), the eigen-
values can be obtained by
sin2lTp ¼ 0 ð12Þ
The eigenvalues are
lT ¼
i
2
; i ¼ 0;1;2; . . . ð13Þ
Thus, the eigen-solutions can be divided into two groups, i.e., zero-
eigenvalue eigen-solutions and non-zero-eigenvalue eigen-
solutions:
For zero eigenvalues, the fundamental eigen-solution and ﬁrst
grade Jordan form are
Wð1Þ0T ¼ 1 0f gT and Wð2Þ0T ¼ n kf gT ð14Þ
which represents the constant temperature distribution and the
temperature caused by a center heat source.
For non-zero eigenvalues, the eigenvalues can be subdivided
into two groups of a and b:
ðaÞ : lðaÞ;ReðlðaÞj Þ > 0 or ReðlðaÞj Þ ¼ 0 and ImðlðaÞj Þ > 0
b : lðbÞ; lðbÞj ¼ lðaÞj
which is an important behavior of the Hamiltonian operator matrix.
The corresponding eigen-solutions can be written as
Wðk;sÞT ¼
coslkTh
lkT coslkTh
( )
and Wðk;aÞT ¼
sinlkTh
lkT sinlkTh
( )
ð15Þ
where k ¼ a;b, the superscripts ‘‘s’’ and ‘‘a’’ represented the sym-
metric and anti-symmetric parts respectively.
Finally, all of the eigen-solutions of the steady-state heat con-
duction problem are achieved. Since the temperature is ﬁnite at
the crack tip, the eigen-solutions leading to inﬁnite temperature
at the crack tip should be neglected. For simplicity, the complete
solution of the steady-state heat conduction problem can be
expressed as
WT ¼
X
i
ðcTÞiðw^TÞieðl^T Þig ð16Þ
where w^T ¼ q^T p^T
 	T denotes all of the zero-eigenvalue and non-
zero-eigenvalue eigen-solutions with lðaÞT ; l^T is the eigenvalue of
w^T ; cT are the undermined coefﬁcients which can be obtained by
the given thermal boundary conditions.4. Symplectic eigen-solutions of thermal fracture problems
In Section 3, the temperature functions have been solved ana-
lytically. With the aid of the obtained temperature, the thermal
fracture problem will be described in the Hamiltonian system.
4.1. Hamilton system
Deﬁne rr ¼ rr þ rT ;rh ¼ rh þ rT and srh ¼ srh where
rT ¼ EaT=ð1 tÞ, Eq. (3) and Eq. (4) can be rewritten as
@rr
@r
þ r

r  rh
r
þ 1
r
@2srh
@h
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þ 2s

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þ 1
r
@rh
@h
þ F2 ¼ 0
ð17Þ
and
rr ¼
E
1 t2
@u
@r
þ t
r
uþ @v
@h
  
 EaT
1 t
rh ¼
E
1 t2
1
r
v þ @v
@h
 
þ t@ru
 
 EaT
1 t
srh ¼
E
2ð1þ tÞ
@v
@r
 v
r
þ 1
r
@u
@h
  ð18Þ
where F1 ¼ F1  @rT@r ; F2 ¼ F2  1r @rT@h . The corresponding crack condi-
tions (5) are rewritten as
h ¼ p : rh ¼ rT ; srh ¼ 0 ð19Þ
Therefore, thermal loading due to temperature change is reduced to
body forces F1; F

2 and surface traction rT . Deﬁning the conﬁgura-
tion variable as q and dual variable as p, one has
q ¼ fur uhgT and p ¼ frrr rsrhgT  fsr srhgT ð20Þ
where sij are the generalized stress components in the r-direction.
The Hamilton equation is given by (Leung et al., 2009)
_W ¼ HWþ f ð21Þ
where W ¼ q pf gT is total unknown vector, H and f are the Ham-
iltonian operator matrix and the non-homogenous part given by
H ¼
t t @
@h
1t2
E 0
 @
@h 1 0
2ð1þtÞ
E
E E @
@h t  @@h
E @
@h E @
2
@h t @@h 1
2
66664
3
77775 and f ¼ e2g
0
0
F1
F2
8>><
>>:
9>>=
>>;
ð22Þ
The boundary conditions in Hamiltonian form are:
h ¼ p : E
r
uþ @v
@h
 
þ t
r
sr ¼ rT ; srh ¼ 0 ð23Þ
The thermal fracture problem is governed by a non-homogenous
Hamiltonian equations (21) with non-homogenous lateral
boundary conditions (23). To solve Eq. (21), a solution
W0 ¼ u0r u0h rr0r rs0rh
 	T which satisﬁes Eq. (23) is introduced
to homogenize the boundary conditions (Leung et al., 2009), i.e.,
h ¼ p : E
r
u0 þ @v
0
@h
 
þ tr0r ¼ rT ; s0rh ¼ 0 ð24Þ
The complete solution can be divided in two: W ¼ WþW0. Thus,
Eq. (21) is rewritten as
_W ¼ H Wþ f ð25Þ
where f ¼ f þHW0  _W0 and lateral boundary conditions (23) are
simpliﬁed to homogeneous ones,
h ¼ p : E
r
uþ @v
@h
 
þ tsr
r
¼ 0;srh ¼ 0 ð26Þ
Z. Zhou et al. / International Journal of Solids and Structures 51 (2014) 3798–3806 38014.2. Eigenvalue and eigen-solutions
The solution W of Eq. (25) can be represented by the superposi-
tion of the complementary function and the particular solution:
W ¼ Wc þ Wp. Similar to the heat conduction problem, Wc can be
expressed in a series of symplectic eigen-solutions, and the eigen-
values of thermal fracture problems can be obtained by Eq. (26),
l ¼ i
2
; i ¼ 0;1;2; . . . :
For zero eigenvalues, the eigen-solutions and their principal
vectors of the Jordan form are:
Wð1Þ0 ¼ cos h  sin h 0 0f gT
Wð2Þ0 ¼ sin h cos h 0 0f gT
ð27Þ
and
Wð3Þ0 ¼
1t
2
hsinhþgcosh;1t
2
hcosh 1
2
þt
2
þg
 
sinh;Ecosh;0
 T
Wð4Þ0 ¼
t1
2
hcoshþgsinh;1t
2
hsinhþ 1
2
þt
2
þg
 
cosh;Esinh;0
 T
ð28Þ
which are rigid translations along the x-direction and y-direction, a
concentrated force at the origin along the x-direction and y-direc-
tion respectively.
For non-zero eigenvalues, the eigenvalues are l ¼ i=2
(i ¼ 0;1;2; . . .) and the corresponding eigen-solutions are
Wðk;sÞ ¼
A1a11 cosð1þ lÞhþ A3a13 cosð1 lÞh
A1a21 sinð1þ lÞhþ A3a23 sinð1 lÞh
A1a31 cosð1þ lÞhþ A3a33 cosð1 lÞh
A1a41 sinð1þ lÞhþ A3a43 sinð1 lÞh
8>><
>>:
9>>=
>>;
ð29aÞ
and
Wðk;aÞ ¼
A2a12 sinð1þ lÞhþ A4a14 sinð1 lÞh
A2a22 cosð1þ lÞhþ A4a24 cosð1 lÞh
A2a32 sinð1þ lÞhþ A4a34 sinð1 lÞh
A2a42 cosð1þ lÞhþ A4a44 cosð1 lÞh
8>><
>>>:
9>>=
>>>;
ð29bÞ
where Aiði ¼ 1;2;3;4Þ are undetermined coefﬁcients. a11 ¼ a12 ¼
a13 ¼ a14 ¼ a21 ¼ a23 ¼ 1; a22 ¼ a24 ¼ 3þtltl3tltl ; a32 ¼ a34 ¼
Elð3lÞ
3tltl ; a42 ¼ a44 ¼ Elð1lÞ3tltl ; a31 ¼ a33 ¼ a41 ¼ a43 ¼ El1þt.
It should be pointed out that the conﬁguration variable q
approaches to inﬁnite values when l < 0 which should be
discarded. Therefore, denoting all the zero-eigenvalue and
non-zero-eigenvalue eigen-solutions with positive eigenvalues by
W^ ¼ q^ p^ 	T with l^, the complete solution of Eq. (25) with homo-
geneous boundary conditions (26) can be expressed in the form as
Wc ¼
X
i
ciw^ielig ð30Þ
where ci are the undermined coefﬁcients.4.3. Particular solutions
The particular solution Wp ¼ qTp pTp
 	T
of Eq. (25) with
homogenous boundary conditions (26) is of interest. First, an other
distinguished behavior of the Hamiltonian operator matrix is
introduced as
WðaÞi ; J;W
ðaÞ
j
D E
¼ WðbÞi ; J;WðbÞj
D E
¼ 0; WðaÞi ; J;WðbÞj
D E
¼  WðbÞi ; J;WðaÞj
D E
¼ dnk ð31Þin which hWi; J;Wji ¼
R
XN
ðqipj  qjpiÞdh is the symplectic inner
product, J ¼ 0 II 0
 
is the symplectic identity matrix and dij is
the Kronecker delta which equals to one when i ¼ j and equals to
zero otherwise.
Then, with the aid of Eq. (31), Wp and f are expanded in
symplectic eigen-solutions series
Wp ¼
X
i
BðaÞi ðgÞWðaÞi þ
X
i
BðbÞi ðgÞWðbÞi ð32Þ
f ¼
X
i
DðaÞi W
ðaÞ
i þ
X
i
DðbÞi W
ðbÞ
i ð33Þ
where BðaÞi ; B
ðbÞ
i are the undetermined functions of g, and
DðaÞi ¼ hfT; J;WðbÞn i;DðbÞi ¼ hfT; J;WðaÞn i. Substituting Eqs. (32) and
(33) into Eq. (25), one has
_BðaÞi ¼ liBðaÞi þ DðaÞi ; _BðbÞi ¼ liBðbÞi þ DðbÞi ð34Þ
whose solutions are BðaÞi ¼ elig
R g
0 D
ðaÞ
i e
lindn; BðbÞi ¼ elig
R g
0 D
ðbÞ
i e
lindn.
The particular solution (32) is achieved.
At last, the complete solution of Eq. (21) with Eq. (23) can be
represented by
W ¼ W0 þ Wc þ Wp ð35Þ5. Finite element discretized symplectic method
In this section, the methodology of ﬁnite method discretized
symplectic methods will be given. The whole cracked body is
modeled by the conventional ﬁnite element method, NXN and NXF
are the number of nodes in the near ﬁeld XN and the far ﬁeld XF
respectively.
5.1. FEDSM for the heat conduction problem
The conventional FEM using any suitable ﬁnite elements for
heat conductions is expressed as
ðKTÞFF ðKTÞFN
ðKTÞNF ðKTÞNN
 
TF
TN
 
¼ ðfTÞFðfTÞN
 
ð36Þ
in which KT is stiffness matrix of the thermal analysis, where T and
fT are the temperature and thermal load vectors, subscripts ‘‘F’’ and
‘‘N’’ represent XF and XN respectively. By using analytical
eigen-solutions, the temperature vector can be rewritten as
TN ¼ UTcT ð37Þ
where ðUTÞij ¼ ðq^TðhiÞÞjr
ðlT Þj
i ; cT is the undetermined coefﬁcient vec-
tor, i ¼ 1;2; . . . ;NXN ; j ¼ 1;2; . . . ;NT ;NT is the number of original var-
iable q^T ; ðri; hiÞ is the position of the ith node in polar coordinate.
Substituting Eq. (37) into Eq. (36), one gets
ðKTÞFF ðKTÞFNUT
ðUTÞTðKTÞNF ðUTÞTðKTÞNNUT
" #
TF
cT
 
¼ ðfTÞFðUTÞTðfTÞN
( )
ð38Þ
which is the FEDSM formulation for steady-state heat conduction
problems. After solving Eq. (38), the global stiffness matrix which
is of order ðNXN þ NXF Þ  ðNXN þ NXF Þ is reduced to a matrix of order
ðNT þ NXF Þ  ðNT þ NXF Þ and the temperature expression (19) is
ﬁnally achieved.
5.2. FEDSM for the thermal fracture problem
Converting the thermal analysis into the corresponding struc-
tural analysis, the conventional FEM formulation for the thermal
fracture problems is
Fig. 3. A rectangular plate with a central crack under Mode II thermal loading.
Fig. 2. A rectangular plate with a central crack under Mode I thermal loading.
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KNF KNN
 
uF
uN
 
¼ fF
fN
 
ð39Þ
where K is stiffness matrix of the structural analysis, u ¼ ur uhf gT
and f are the displacement and force vector, respectively. With the
aid of Eq. (30), the displacement vector uN can be rewritten as
uN ¼ Ucþ u^ ð40Þ
where Uij ¼
ðq^1ðhiÞÞjr
lj
i i ¼ 1;3;5 . . .2NXN  1
ðq^2ðhiÞÞjr
lj
i i ¼ 2;4;6 . . .2NXN
(
; j ¼ 1;2; . . . ;N; N is
the number of q^; c is the undetermined coefﬁcient vector, and
u^i ¼
u0r ðri; hiÞ þ ðqpÞ1ðri; hiÞ i ¼ 1;3;5 . . .2NXN  1
u0hðri; hiÞ þ ðqpÞ2ðri; hiÞ i ¼ 2;4;6 . . .2NXN
(
Applying the transformation (37), we obtained
KFF KFNU
UTKNF UTKNNU
 
uF
c
 
¼ f^F
UT f^N
( )
ð41Þ
where f^F ¼ fF  KFF u^; f^N ¼ fN  KNNu^. Eq. (41) is the FEDSM formu-
lation for thermal fracture problems and the global stiffness matrix
which is of order 2ðNXN þ NXF Þ  2ðNXN þ NXF Þ is reduced to a matrix
of order 2ðN þ NXF Þ  2ðN þ NXF Þ. By solving Eq. (41), we obtain the
unknown coefﬁcients ci and the analytical expression of Eq. (30).
Since NT and N are far smaller numbers than NXN , solving Eqs.
(38) and (41) are much easier than solving Eqs. (36) and (39).
The transformation ðKTÞFNUT ; ðUTÞTðKTÞNNUT in Eq. (38) and
KFNU;UTKNNU in Eq. (41) can be obtained individually and each
element can be processed in parallel.
6. Thermal stress intensity factors
From Eq. (35), the stresses near the crack tip can be rewritten as
rr rrhf gT ¼
XN
i¼1
pcr
li1 þ ðp0 þ ppÞ=r  rT rTf gT ð42Þ
According to the concept of fracture mechanics, the formulae f
stress intensity factors can be evaluated by
K I ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
rrjh¼0
K II ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
srhjh¼0
ð43Þ
Substituting Eq. (42) into Eq. (43), Mode I and Mode II stress inten-
sity factors can be represented by
K I ¼
3
ﬃﬃﬃﬃﬃﬃ
2p
p
cðsÞ1=2E
1þ t þ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
ðr0r jh¼0 þ ðrrÞpjh¼0Þ
K II ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
cðaÞ1=2E
3ð1þ tÞ þ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
ðs0rhjh¼0 þ ðsrhÞpjh¼0Þ
ð44Þ
where cðsÞ1=2 and c
ðaÞ
1=2 represent the coefﬁcients of symmetric and anti-
symmetric eigen-solutions with l ¼ 1=2. From Eq. (44), it can be
seen that the formulae of Modes I and II stress intensity factors
are distinct from that of pure elastic fracture problems (Leung
et al., 2009). Their values are not only dependent on the material
constants and coefﬁcients of the symplectic expansion, but also
the expression of temperature functions. In another word, the ther-
mal load raised by temperatures has signiﬁcant inﬂuence in the
evaluation thermal stress intensity factors.
7. Results and discussions
In this section, the FEDSM has been programmed and calculated
in several examples. The FEM implementation of the present work
has been performed in ANSYS 12.1. Six-node triangle elements(Plane77 and Plane183) are used for the thermal and structural
analysis, and Young’s modulus, Poisson’s ratios were taken as
E ¼ 1; t ¼ 0:3.
7.1. Example 1
A rectangular plate having width 2W and length 2L and a cen-
tral crack of length 2a is shown in Figs. 2 and 3. The coefﬁcient
of liner thermal expansion a ¼ 0:01. The conﬁguration with
L/W = 1.0 is solved for two different sets of boundary conditions
representing pure Mode I (Fig. 2) and pure Mode II (Fig. 3) respec-
tively. In Fig. 2, the rectangular plate is assumed to be fully
clamped and subjected by a uniform temperature change, i.e.,
T ¼ T0 ¼ 100 C:
In Fig. 3, the rectangular plate is free of tractions and the applied
thermal boundary conditions are listed below:
x ¼W : qx ¼ 0; x ¼ W : qx ¼ 0
y ¼ L : T ¼ T1 ¼ 100 C; y ¼ L : T ¼ T2 ¼ 100 C
In order to check the numerical accuracy and stability, conver-
gence studies on the number of symplectic eigenfunctions are
performed for a=W ¼ 0:5. Firstly, the effects of the number of
eigenfunction WT on the temperature functions are investigated.
It is a matter of interest to compare the temperature ﬁelds
calculated by FEM at some distance from the crack tip. Speciﬁcally,
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chosen. The results are plotted in Fig. 4. It is seen that the present
results for the temperature distributions are in excellent agree-
ment with the FEM results when NT P 10. Therefore, 20 terms of
WT are used for the thermal fracture analysis in XN . Secondly, the
number N of W (for a range of 1–20) is considered in Fig. 5. The
results presented in Fig. 5(a) show that the parameter N does not
have a signiﬁcant effect on the nondimensional K I when NP 5.
The same phenomenon can be observed in Fig. 5(b), the nondimen-
sional K II trends to be stable when NP 15. The results converge
asymptotically with increasing numbers of symplectic eigenfunc-
tions used to represent the displacements of XN . For more accuracy
results, 20 terms of symplectic expansion series or more are taken
to calculated the TSIFs.
Based on the convergence study, 20 terms of the symplectic
eigenfunction WT and W are used in the following examples. For
the purpose of veriﬁcation of the results, the exact stress intensity
factors have been compared with the results of ANSYS and Prasad
et al. in Figs. 6 and 7. From Fig. 7, it is observed that the stress inten-
sity factors reported by Prasad et al. (1994) were limited by the size
dimension of the plate and the crack and they could not deal with
the conditions of a=W > 0:6. The results obtained by the present
FEDSM are not affected by the geometries or any other the condi-
tions and compare well with that of ANSYS and Prasad et al.’s.
7.2. Example 2
In the second example, a fully clamped rectangular plate with an
edge crack is considered. The rectangular plate of width W and
length L with an edge crack of length a is shown in Figs. 8 and 9.
The coefﬁcient of liner thermal expansion a ¼ 0:001 and an aspect
ratio of L/W = 1.0 are used in the calculation. For a plane strain
problem, boundary conditions for the two different problems are:
1. Mode I thermal loading:Fig. 5. Variations of SIFs with number of eigenfunctions: (a) K I; (b) K II .x ¼W : T ¼ T1 ¼ 1 C; x ¼ W : T ¼ T2 ¼ 1 C
y ¼ L : qy ¼ 0; y ¼ L : qy ¼ 0
2. Mode II thermal loading:
x ¼W : qx ¼ 0; x ¼ W : qx ¼ 0
y ¼ L : T ¼ T1 ¼ 1 C; y ¼ L : T ¼ T2 ¼ 1 CFig. 4. The courses of temperature along the circular path withUsing the parameters stated above, the FEDSM is used to com-
pute the Modes I and II TSIF values. The variations of normalized
Modes I and II TSIFs having different crack lengths are shown in
Figs. 10 and 11 respectively. It can be seen that the length of thethe radius 0.02W: (a) temperature; (b) the circular path.
Fig. 9. A rectangular plate with a central crack under Mode II thermal loading.
Fig. 8. A rectangular plate with a central crack under Mode I thermal loading.
Fig. 6. Variations of the dimensionless Mode I TSIFs with the crack length compared
with that of ANSYS.
Fig. 7. Variations of the dimensionless Mode II TSIFs with the crack length
compared with that of Prasad et al.
Fig. 10. Variations of the dimensionless Mode I TSIFs with the crack length.
Fig. 11. Variations of the dimensionless Mode II TSIFs with the crack length.
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Fig. 12. An edge-cracked circular disk: (a) double cracks; (b) four cracks; (c) six cracks.
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increases at ﬁrst with a until about a/W = 0.2 then it deceases.
However, K II increases with the crack length monotonically. These
phenomena are mainly due to the temperature function. The
present FEDSM is an effective computing method for both of the
temperature and stress ﬁelds.Fig. 13. Variations of the dimensionless Mode I TSIFs for an edge-cracked circular
disk with different number of cracks: (a) Mode I TSIFs; (b) Mode II TSIFs.7.3. Example 3
In this example, the proposed method is applied to calculate the
TSIFs of multiple cracks. Firstly, the inﬂuences of the numbers of
cracks are considered. Two-dimensional Mode I plane-strain crack
problem of an edge-cracked plate having three different numbers
of cracks as shown in Fig. 12 will be analyzed. Assuming the ther-
mal loading and coefﬁcient of liner thermal expansion as
T ¼ T0 ¼ 1 C and a ¼ 0:001, the variations of the dimensionless
Modes I and II TSIFs for an edge-cracked circular disk with three
different numbers of cracks are plotted in Fig. 13. It is can be seen
that: the values of Mode II TSIFs are always zeros under the pure
Mode I thermal loading; the numbers of cracks have a signiﬁcant
effect on the values of Mode I TSIFs. The results for the double
cracks are greater than that of the others. The values of Mode I
TSIFs decrease with numbers of cracks.
Secondly, the mixed mode thermal loading is discussed. The
edge cracks on both sides of a fully clamped rectangular plate are
shown in Fig. 14. The crack length, width and height of the plate
are taken as a, 2W and 2L, respectively. The applied thermal load-
ing are:
x ¼W : qx ¼ 1J=ðm2 sÞ; x ¼ W : qx ¼ 1J=ðm2 sÞFig. 14. A rectangular plate with two edge cracks under mixed mode thermal
loading.
Fig. 16. Variations of the dimensionless Mode II TSIFs with the crack length.
Fig. 15. Variations of the dimensionless Mode I TSIFs with the crack length.
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Figs. 15 and 16 illustrate the variations of the dimensionless
Modes I and II TSIFs respectively. In Fig. 15, it can be seen that
the values of Mode I TSIFs of crack 1 and 2 are not the same. The
results of crack 1 are greater than that of crack 2. On the contrary,
Mode II TSIFs of crack 1 and crack 2 have the same values as shown
in Fig. 16. The phenomena are chieﬂy caused by the distribution of
temperature ﬁelds. So, it can also be proved that the FEDSM is
available for the multiple cracks problems under mixed mode
thermal loading.8. Conclusion
A new method, which is a variation of the FEM, has been devel-
oped for solving the steady-state thermoelasticity fracture
mechanics problems. The FEDSM utilizes the symplectic method
to generate the analytical solutions in the near ﬁeld. With the aid
of a displacement transformation technique, those large number
of displacement unknowns of conventional ﬁnite element nodal
unknowns are condensed into a handful number of coefﬁcients
of eigenfunction expansion. Therefore, the crack tip singular ﬁeld
can be represented by analytical functions; large memory storage
requirements are completely avoided. It has three distinct
advantages over the standard FEM. Firstly, based on the symplecticeigen-solutions of the near region, the number of unknown vari-
ables is reduced to a very low level. This results in reducing the
computational time and the memory requirement for fracture
analysis of cracked structures. Secondly, no special ﬁnite elements
and post-processing are needed to determine the TSIFs and the
exact solutions in the near ﬁelds are obtained at the same time.
Thirdly, as the analytical solution is embodied in the transforma-
tion, the accuracy of the predicted TSIFs and their derivatives is
high. In addition, the parametric study shows that the crack prop-
agation can be arrested by proper applied temperature ﬁelds.
Therefore, it provides a way to reduce the mechanical singularities
and to retard the crack growth. A design can be optimized taking
into account of the character of temperature ﬁelds in engineering.Acknowledgments
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